tunability into the γ-ray range [17] [18] [19] [20] , yet with a large photon bandwidth not quite compatible with applications in nuclear photonics and radiography [21] [22] [23] .
The ITS sources may also benefit from unconventional electron beams that can imprint a rich spectral structure onto the pulsed γ-rays. Such 'designer' beams (e.g. fs-length energy combs) are not easily achievable by conventional means, but emerge naturally in LPAs. Polychromatic, modulated, fslength beams, associated with multiple injections into the first bucket [24] [25] [26] , or into consecutive buckets of the laser wakefield [27] , have been sporadically observed in the experiment. By exerting control over the dynamics responsible for multiple injection, these polychromatic (or 'comb-like') beams may be deliberately produced [28, 29] and optimized [30, 31] . We exert this control by using a somewhat counterintuitive approach. We propose to propagate the laser pulse in a plasma channel, while carrying out acceleration in the blowout regime dominated by relativistic and ponderomotive self-guiding [32] . It is known that propagating the pulse in a channel [33] often improves stability of the acceleration process [34, 35] . In the blowout regime, however, the situation is more subtle. The radiation pressure of a strongly overcritical pulse, ( ) ω ω = P P 16.2 / cr 0 pe 2 GW, with a pulse length close to a Langmuir period, ω τ π ∼ 2 pe L , creates complete electron cavitation, leaving the background ions unperturbed [36, 37] . Here,
/ e pe 2 0 1/2 0 is the Langmuir electron frequency, ω 0 is the pulse carrier frequency, n 0 is the background electron density, −| | e and m e are the electron charge and rest mass. The resulting 'bubble' of electron density guides the pulse over many Rayleigh lengths while maintaining GV cm −1 -scale accelerating and focusing gradients [32] . The external channel is superfluous to pulse guiding in this scenario [30] . Two other aspects, however, become essential. First, the channel suppresses diffraction of the pulse leading edge, thus reducing pulse self-steepening and delaying electron dephasing. Secondly, and most importantly, the external channel may destabilize the tail of the pulse confined within the bubble. The channel-assisted periodic focusing of the tail brings about oscillations in the bubble size, producing periodic injection and formation of a train of fs-length, lowemittance bunches with a controlled energy spacing. Pollution of this energy comb with a massive low-energy tail can be avoided by driving the accelerator with a negatively chirped pulse (NCP) having a 200 nm-scale bandwidth. Optical parametric chirped-pulse amplification offers sufficient bandwidth [38] and the expectation of the kHz-repetition-rate, Joulescale pulses [39] necessary for the realization of the concept [40] . The negative chirp compensates for the nonlinear red-shift imparted by the plasma wake at the pulse leading edge, thereby mitigating pulse self-compression and strongly reducing unwanted continuous injection (dark current) [31, 41] . With the number of components controlled by changing either the channel radius or the pulse length (as permitted by the bandwidth), and the dark current suppressed with the negative chirp of the driver, these comb-like beams are perfectly suited to produce tunable, multi-color γ-ray pulses via the ITS mechanism.
The paper is organized as follows. Section 2 describes the strategy of computational approach and defines parameters of the case studies. Section 3 explores acceleration with the NCPs of the same power and bandwidth, but different durations, and reveals manifestation of clean comb-like beams in the case ω τ π > pe L
. Section 4 explains the physics of periodic injection and demonstrates various control options of the electron spectra. Section 5 demonstrates generation of low-background, moderate-bandwidth ITS γ-rays with quasi-monoenergetic (QME) and comb-like electron beams. Tunability of multi-color γ-rays in a broad spectral interval (up to 12.5 MeV) is demonstrated. Section 6 summarizes the results and points out directions of future work.
Simulation framework
Reduced and full three-dimensional particle-in-cell (3D PIC) simulations shed light on the physical processes essential for electron beam shaping. Strategies of dark current mitigation based on modification of the drive pulse phase are developed using fast quasistatic simulations with the fully relativistic, cylindrically symmetric, optical cycle-averaged code WAKE [36, 42] . WAKE computes the complex envelope of the laser vector potential using an extended paraxial solver that preserves group velocity dispersion in the presence of large frequency shifts, and accurately calculates laser pulse absorption due to wake excitation [43, 44] , and ω π λ = c 2 / 0 0 . WAKE includes 3D test particle tracking in the unaveraged electromagnetic fields, which separates the physical process of self-injection (bubble and driver evolution) from effects due to beam loading [41, 45] .
Accurate self-consistent simulations of electron phase space dynamics are carried out with the quasi-cylindrical PIC code CALDER-Circ [46] . The numerical Cherenkovfree electromagnetic solver in CALDER-Circ [47] , in combination with the third-order macroparticles, fine grid, , and 20 macroparticles per cell, helps maintain low sampling noise, negligibly low numerical dispersion, and avoids numerical emittance dilution.
A linearly polarized, 70 TW laser pulse with the carrier wavelength λ = 0.805 0 μm is focused at the plasma edge, z = 0, and propagates in the positive z direction. The initial complex amplitude of the vector potential (normalized to
, where a 0 = 3.27, and r 0 = 13.6 μm. The rate of phase variation defines the instantaneous frequency, ( )
The pulse is transform-limited (TLP) if κ = 0, and negatively chirped otherwise (namely, the higher frequencies are advanced in time). We shall focus on the dynamics of NCPs with a bandwidth equivalent to the transform-limited duration τ = 5 L0 fs, which corresponds to the full width at half-maximum in spectral intensity fs, available from standard chirped-pulse amplification, corresponds to λ ∆ ≈ 27 nm). Pulse evolution and electron beam formation in a uniform plasma have been explored elsewhere [31, 41, 50] . Here, we search for new ways of shaping the electron beam by propagating the pulse in a preformed leaky channel [48, 49] : We then increase the NCP length to 30 fs (while preserving the power and bandwidth), thus increasing the amount of radiation confined in the bubble, and reduce the channel radius by 30%. This brings new elements into the drive pulse dynamics, enabling generation of tunable comb-like beams. We thus consider four cases: 
Negative chirp of the optical driver: the remedy for dark current
Changes in the pulse evolution brought about by the frequency chirp are tracked using the laser vector potential,
, , e i 0 , where ζ ξ = c / is a retarded time, and ( ) ζ a r z , , is the complex envelope from WAKE simulations. Figures 1(c)-(f ) show the radially integrated mean frequency and frequency variance [51] , 
is the position of the pulse centroid, and ( ) ( )
Figures 2-4 link the longitudinal distortion of the pulse to the local frequency shift. The shift is extracted from the phase of the normalized vector potential in axis, ˜( )
, using two independent methods [43] . Firstly, the Wigner transform
yields variation of the 'photon density' in time at a given point z on axis. Secondly, we calculate the instantaneous frequency using the rate of the envelope phase change,
. Mean frequency, RMS bandwidth, pulse duration, and photon density are experimentally measurable markers of nonlinear optical processes. They help identify the regimes of pulse propagation and wakefield excitation [52] .
In the Reference case, the red-shift exceeding a half-ω 0 is imparted to the pulse by a co-moving negative gradient in the nonlinear index. Figure 2 shows that the resulting effect is highly disruptive. Group velocity dispersion slows down the red-shifted frequency components, compressing the pulse into a cycle-length optical shock of relativistic intensity, | | > a 10 (see the top inset in figure 2(b)). Snow-plowing by the optical shock compresses electron fluid in the front of the bubble, locally increasing the positive longitudinal electric field. Thereby, electrons that constitute the bubble sheath become relativistic as soon as they pass the driver. This delays their return to the axis, elongating the bubble [41, 50] . The resulting continuous injection builds up a massive energy tail, seen in figure 2(c), which contains about 70% of the charge accelerated beyond 50 MeV. Mid-IR radiation making up the optical shock eventually slides into the bubble. Mixing radiation of different frequencies and uncorrelated phases inside the bubble leads to sharp variations in the envelope phase, making the local frequency poorly defined, causing oscillations of the envelope in the tail area (figure 2(b)). In the process, the energy and mean frequency of the TLP drop by 60%, with a nearly 10-fold increase in the mean bandwidth by the end of the interaction (see left column in figure 1 ). More importantly, the TLP fully contracts long before electron dephasing, and then almost explosively elongates as newly generated mid-IR radiation slides into the bubble. Evidently, the plasma channel alone is unable to mitigate these adverse effects.
The negative frequency chirp (case 2, figure 3) avoids this unfavorable scenario and allows acceleration through dephasing without sacrificing beam quality, while exceeding the energies obtained with a TLP. By partly compensating for the nonlinear red-shift, the chirp delays full compression of the driver to the point of electron dephasing (at which point, per figure 3(b), the instantaneous frequency is almost constant across the pulse body). In the process, the 20 fs NCP depletes by approximately 40%, while preserving the bandwidth through two-thirds of the dephasing length. This considerably slower self-compression prevents the production of background electrons. The QME peak remains dominant through dephasing, while receiving a 20% energy boost.
Increasing the NCP length to 30 fs, while preserving power and bandwidth (cases 3 and 4), further stabilizes longitudinal evolution. According to figure 1 (right column), the 30 fs NCP depletes, red-shifts in frequency, and contracts merely by onethird. Figures 4(b) and (c) show that the frequency red-shift and intensity buildup remain at the leading edge, while the tail remains unshifted and uncompressed, showing no sign of photon phase mixing. The instantaneous frequency thus remains well-defined and single-valued, showing minimal oscillations. This longitudinal dynamics is largely insensitive to the channel radius. And yet, the kinetics of self-injection, producing a comb of distinct QME components, is entirely different from case 2. The physical nature of this effect, which is rooted in the transverse dynamics of the pulse, is explained in the next section.
Periodic injection in a channel and generation of electron energy combs
Earlier considerations [28, 29] , based on arguments from the theory of stationary self-focusing of a continuous laser beam, attributed periodic injection to the undamped oscillations of the laser spot size in the channel, which cause oscillations in the plasma wake bucket size and periodic longitudinal wavebreaking. In the following paragraphs we explain that this scenario is not universal. In fact, we discover that the two segments of the pulse-the most intense one ('the head'), located in the region of the index gradient at the leading edge, and a weaker, yet relatively intense tail confined within the bubble self-guide in fundamentally different ways, invalidating the stationary self-focusing model and providing an alternative explanation of the multiple injection phenomenon. Essential details of this dynamics and their links to the self-injection process are provided by figures 5 and 6. Presented data correspond to the cases 2 and 4. Figure 5(a) shows the bubble size defined as the length of the accelerating phase on axis (i.e. the length of the region inside the bubble where the longitudinal electric field is negative) as a function of propagation length. Figure 5 (b) shows evolution of the pulse spot sizes in the head (i.e. in the cross-section at the highest local intensity) and in the tail (in the cross-section −15 fs, or τ − /2 L , behind the highest-intensity cross-section). The spot size is defined as the laser beam radius at ( ) − exp 2 of the peak intensity in the cross-section. The spot size of the pulse head is further referred to as 'the pulse spot size.' Collection volume (initial positions of macroparticles with E > 50 MeV, figure 5(f )) and collection phase space of electrons crossing the plane z = 2.16 mm (longitudinal momenta versus initial longitudinal positions, figure 5(d)) provide further insight into kinetics of self-injection.
Interestingly, periodic injection is unrelated to the evolution of the most intense segment of the pulse. As expected for a strongly overcritical pulse, ≈ P P / 16 cr , the pulse head is quite insensitive to the transverse non-uniformity of the ambient plasma. As seen in figure 5(b) (also, in figure 4(c) from [30] ), it self-guides with a steadily varying spot, regardless of the pulse length or the channel radius. Besides, figure 5(f) shows that the initial radial offset of self-injected electrons (that yields a close estimate of the pulse spot size) remains almost constant. Thus, contrary to the earlier conjectures [28, 29] , the channel does not bring about undamped periodic focusing of the pulse head. 
It is the dynamics of the pulse tail that explain the nature of periodic injection. In case 4, the tail has considerable energy and significant intensity, and is naturally unmatched to the selfconsistently maintained soft hollow channel-the bubble. In fact, throughout the entire plasma, the laser field amplitude in the tail (at a delay −15 fs, or τ − /2 L , behind the local intensity peak) remains as high as | |> a 3 tail . If the tail is destabilized (which appears to be the case), its radial ponderomotive force would be sufficient to force oscillations in the bubble size, thus causing periodic injection. And indeed, figure 5(b) displays strong periodic oscillations in the tail spot size, precisely in phase with the oscillations in the size of the bubble (panel (a)). Radial intensity distributions at the points of full expansion and contraction of the bubble, displayed in figures 6(a.2)-(f.2), reveal that the tail flaps transversely, driving the bubble boundaries sidewards, whereas the head (the highest-intensity segment) stably self-guides. The resulting oscillations in the bubble size cause three consecutive injections into the first bucket before z = 1.8 mm, producing a tri-component electron beam (see figures 5(c) and (d)). Near dephasing, this energy comb absorbs 12.5% of the drive pulse energy.
Increasing the channel radius by 50% (case 3, explored in detail in [30] ) mitigates periodic focusing in the pulse tail, eliminating the last oscillation in the bubble size. This leaves only two high-energy bunches in the first bucket (see figure 4(d) ). In a uniform plasma, = ∞ r ch , periodic focusing of the tail subsides after the first oscillation, leaving a single component in the electron spectrum (and a weak tail) [30] . Apparently, radiation leakage from the bubble effectively damps periodic focusing of the low-power tail; as a result, in the uniform plasma, the tail rapidly stabilizes. The external channel partly stops the leakage, allowing periodic focusing to proceed undamped over several cycles. This optical dynamics (and associated periodic injection) is also possible in the uniform plasmas [53] , with the initial pulse parameters strongly mismatched from those needed for quasi-stationary self-guiding [32] .
Another way to avoid oscillations in the bubble size is to reduce the amount of radiation confined inside the bubble. Figures 6(a.1)-(f.1) show that reducing the NCP length by one-third while preserving the power makes the pulse steadily contract, with the slightly oscillating spot (see figure 5(b) ). Resulting steady expansion of the bubble produces a weak low-energy tail accompanying a high-flux QME feature (see figures 5(a) and (e)). The latter absorbs 16.5% of the NCP energy. Shaping the comb-like beam in the blowout regime thus relies on the disparity in evolution of the pulse head and tail, and thus critically depends on the pulse length, contrary to the view taken in [28, 29] .
Finally, figure 5(f ) shows no evidence of longitudinal injection [54] . All accelerated electrons are collected from the cylindrical shells, which rules out periodic longitudinal wavebreaking [28, 29] as the physical mechanism behind the generation of energy combs.
We conclude that changing the channel radius and/or the NCP length controls the output of the acceleration process and the electron beam structure (from comb-like to quasi-monoenergetic). As the negative chirp, jointly with the channel, almost freezes longitudinal evolution of the pulse, the number of components in the energy comb and their energy can be varied in a broad interval by changing the acceleration length, while accumulating only a minimal low-energy background. This residual background is compatible with using a comblike beam to drive an ITS γ-ray source. [55] We sample the six-dimensional phase space of the electron beam using N b macroparticles extracted from the first and second buckets of the wake, and propagate corresponding electrons in free space by solving the relativistic equations of motion. In the absence of a laser field, their trajectories are ballistic. Since the beams considered here are relativistic and low-density, ⟨ ⟩ γ − n 10 e e 3 1 6 cm −3 , space charge forces may be neglected [56, 57] . Radiation damping is also neglected, Here, w i is the macroparticle weight, n is the unit observation vector, and r i and β = c v/ i i are the radius vector and normalized velocity of the electron, respectively. The net energy radiated by the beam with a charge Q is
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ITS simulation framework
. Table 1 contains the statistics of QME electron bunches at dephasing. In all cases, the micron-scale normalized transverse emittance (ε ⊥ N ) and mrad-scale divergence (σ α ) of the bunches are nearly an order of magnitude smaller than earlier obtained in CALDER-Circ simulations of a very similar physical regime, with the same grid spacing and twice the number . Light gray curve is the electron spectrum at dephasing in the Reference case. As the 30 fs NCP in a channel stays uncompressed through dephasing, the comb-like beam remains almost background-free, with the peak energy boosted by 55% against the Reference case. Reduction of the channel radius adds a 400 MeV QME component to the energy comb.
Results and discussion
of macroparticles per cell [41] . This spectacular reduction in the beam phase space volume comes from the numerical Cherenkov-free electromagnetic solver [47] recently implemented in the CALDER-Circ. Even more importantly, the absence of numerical Cherenkov radiation keeps ε ⊥ N constant up to a third digit as electrons accelerate through dephasing. Thus any degradation of the γ-ray signal observed in the simulations can be attributed to the physical causes (such as mradscale electron beam divergence or accumulation of the modest low-energy tail). Self-guiding of a short (case 2, panels (a.1)-(f.1)) and long NCP in a channel (case 4, panels (a.2)-(f.2)). The grayscale shows intensity normalized to the local peak value, encircled by an iso-contour at ( ) − exp 2 ; the pulse propagates to the right. The intensity snapshots are taken at the points (a) z = 0.6 mm, (b) 0.84 mm, (c) 1.12 mm, (d) 1.24 mm, (e) 1.52 mm, and (f ) 1.64 mm. In case 4, the channel supports periodic focusing of the pulse tail confined inside the bubble, causing oscillations in the bubble length, the correlation shown in figures 5(a) and (b). Snapshots (a.2), (c.2), and (e.2) correspond to the points of full contraction, and (b.2), (d.2), and (f.2)-to the points of full expansion of the bubble. In case 2, the pulse lacks the tail and therefore contracts steadily, without noticeable transverse oscillations. (WAKE simulations.) 30 fs to 20 fs, while preserving the bandwidth and power, eliminates periodic injection, leaving a single QME feature dominant in both electron and photon spectra, with both electron and γ-ray flux significantly increased (see figures 7(a) ).
The frequency of ITS γ-rays radiated at an observation angle θ 1, from an electron traveling at an angle α 1 (which represents the electron beam divergence) is ph ω = [ 
e e e ph ph ph ph 2 2 1
.
, and α σ Note: ⟨ ⟩ E is the mean energy; σ E is the dispersion of energy; σ α is the RMS divergence; ε ⊥ N is the RMS normalized transverse emittance [30] ; τ b is an RMS bunch duration; Q is the charge; and N ph is the number of photons in the observation solid angle ⟨ ⟩ π γ ∆ Ω = − e 2 for the ITS spectra in figures 7(a.2) and (d.2). Averaging over the azimuthal angle yields
, photon energy reduction due to the reduction in the observation angle is small:
. Then, to estimate the photon number in the observation solid angle To calculate the energy radiated by a selected QME electron bunch into the observation solid angle
, we split the phase space of the comb-like beam into groups of macroparticles corresponding to the distinct QME features, and apply the procedure described in section 5.1 to each group. Thus we compute the photon flux per bunch, per unit solid angle, in the direction of electron beam propagation (onaxis observation), in the plane of the ILP polarization. The sum of these partial spectra yields the net photon spectra ]. Yet, our photon beamlets reach beyond 10 MeV while preserving a sub-30% energy spread (against the reported sub-MeV beams with 50-100% spread [15, 17, 18] ), micro-steradian (rather than milli-steradian) collimation, and femtosecond duration. Figure 8 (d) also indicates that tuning the photon energy in a broad range is possible without losing photons in the observation cone, while slightly reducing the relative energy spread. Further increase in the photon energy may be accomplished by substantially increasing the ILP frequency [20] . Using the data from figure 8, we estimate the conversion efficiency from the LPA drive pulse to the mono-(case 2) or polychromatic (case 4) γ-ray signal. In the case 2 (LPA drive pulse energy 1.4 J), the photon beam filling the solid angle ∆ Ω = × − 2.6 10 6 steradian, containing × 1.5 10 7 photons with the mean energy 7 MeV, carries 0.017 mJ energy (≈ 4 GW power). Hence , which is an orderof-magnitude higher than yet experimentally achieved in the LPA-based ITS sources [15, 17] .
Summary and outlook
Control of relativistic optical processes in an LPA permits generation of unconventional electron beams inaccessible with standard acceleration techniques. Looking ahead to the arrival of PW-class laser systems delivering sub-2-cycle pulses [39] , we use their ultrahigh bandwidth to modify the electron beam phase space structure. First, manipulations of the drive pulse phase (negative chirp) improve monochromaticity and boost the energy of GeV-scale electrons, while preserving mm-scale size of the plasma and Joule-scale energy of the pulse. Secondly, propagating the negatively chirped pulse in a plasma channel destabilizes the accelerating bucket (laser-driven cavity of electron density), causing oscillations in its size. This effect causes periodic self-injection of ambient electrons and their subsequent acceleration with a low energy spread, while the negative chirp reduces the pollution of electron spectra by a low-energy background. The channel radius and the pulse length are important parameters, controlling the number of spectral components in the comb-like beam, whereas their energy and energy difference can be controlled by changing the plasma length.
Natural fs-scale synchronization of virtually background-free, GeV-scale, 100 kA-current electron bunches making up the comb is an asset for the design of compact radiation sources. Our first-principles simulations have shown that inverse Thomson scattering from an optical beam yields multi-color, fs-length pulses of γ-rays, with ∼ − 10 5 conversion efficiency from the LPA drive pulse to the γ-ray beam, and a total number of quasi-monoenergetic photons per shot up to × 1.5 10 7 (in the energy range above 2 MeV). All-optical manipulation of the electron beam phase space enables fine tuning parameters of these pulses, without losing photons in the observation solid angle ⟨ ⟩ π γ ∆ Ω ∼ − e 2 . By selectively focusing electron bunches of different energies with highly chromatic magnetic quadrupole lenses [61, 62] before the collision point, one can further control the output of the ITS source, selectively suppressing or enhancing the brightness of different γ-ray beamlets. The natural mutual synchronization of fs-length electron bunches and γ-ray flashes may be an asset to nuclear pump-probe experiments. With a γ-ray beam spectrally resolved, each quasi-monochromatic beamlet may give a 'movie frame' on a fs time scale to image ultrafast phenomena in a dense matter.
Synthesizing the drive pulse by incoherently stacking collinearly propagating, narrow-bandwidth pulses ( ω ω ∆ ∼ / 0.1) of different wavelengths promises additional degrees of freedom in beam quality control [31] . Generating comb-like beams with stacked drivers and optimizing them for the design of ITS-based radiation sources, using application-specific metrics, is the focus of our future work.
